Abstract. The Reeb graph of a function on a smooth manifold is the graph obtained as the space of all connected components of inverse images such that the set of all vertices coincides with the set of all connected components of inverse images including singular points. Reeb graphs are fundamental and important in the algebraic and differential topological theory of Morse functions and their generalizations, or in other words, the theory of global singulartiy.
Introduction
The Reeb graph of a function on a smooth manifold is the graph obtained as the space of all connected components of inverse images such that the set of all vertices coincides with the set of all connected components of inverse images including singular points. Such stuffs are fundamental and important in the algebraic and differential topological theory of Morse functions and their generalizations, or in other words, the theory of global singularity.
One of fundamental and important studies on Reeb graphs is as the following.
Problem 1. For a graph, can we construct a smooth function inducing a Reeb graph isomorphic to the graph?
Construction of a function inducing a Reeb graph isomorphic to a given graph was first demonstrated by Sharko ([12] ), followed by Masumoto, Saeki ([4] ), Michalak ( [5] and [6] ) etc. and the author has also obtained related result in [2] , [3] etc.. In most of such studies, inverse images of regular values are, if considered, disjoint unions of circles or standard spheres, and the author has first succeeded in explicitly constructing several Morse functions and so-called circle valued Morse functions whose inverse images are closed surfaces under several constraints on topologies of inverse images of regular values in the presented papers. Note also that in most of these works, functions giving desired graphs as Reeb graphs have been constructed as the following. First, we prepare graphs admitting continuous functions such that ↑ Figure 1 . A graph having a good orientation and a graph not having a good orientation. the map obtained by restricting the function to each edge is injective or so-called monotone (we call such a graph has a good orientation and graphs with no loops etc. have good orientations for example: see FIGURE 1 on such functions).
Then, we construct local functions around vertices of the graphs respecting the orderings induced on the graphs as 1-dimensional complexes by the functions on the graphs and construct a local function, having no singular points, around each connected component of the complement of the disjoint union of small neighborhoods of vertices.
In this paper, we show the following result.
Theorem 1. For a graph having a good orientation such that for each edge, a nonnegative integer is assigned, we can construct a smooth function on a 3-dimensional closed and orientable manifold satisfying the following,
(1) The Reeb graph is isomorphic to the given graph.
(2) If we consider the natural quotient map onto the Reeb space and for each point that is not a vertex and that is in an edge an integer g > 0 is assigned to, the inverse image is a closed orientable surface of genus g ≥ 0. (3) For a point mapped by the quotient map to a vertex, the value of the smooth function at the point in the source manifold and the value of the given function on the graph at the vertex coincide.
We prove this in the next section. We construct a desired function by the presented method. A new ingredient in the proof is construction around a vertex giving a local extrema, or STEP 2. 
Proof of Theorem 1
A smooth map from an manifold of dimension m > 0 with no boundary into an manifold of dimension n > 0 with no boundary is said to be a fold map if the relation m ≥ n holds and at each singular point p, there exists an integer satisfying 0
and the map is of the form (
The set of all singular points of an index is a smooth submanifold of dimension n − 1 and the map obtained by restricting the original map to the set is an immersion.
In other words, a fold map is locally regarded as a product of a Morse function with just one singular point and the identity map on an open ball. We can also see that by virtue of a kind of Thom's second isotopy lemma, around a singular value and its inverse image, a fold map is regarded as a product of a Morse function with just one singular value and the identity map on an open ball (see the proof of Theorem 5.1 of [11] etc. for explicit usages of such a lemma to see that a smooth map is regarded as a product of another smooth map and a suitable identity map). See also FIGURE 2.
For fundamental singular theoretical and differential topological properties of fold maps, see [1] , [9] , [10] etc.
Proof of Theorem 1. STEP 1 Construction around a vertex not giving a local extrema. Figure 3 . A desired local Morse function and corresponding handle attachments.
⤵
We construct a local function around a vertex not giving local extrema. We perform construction demonstrated in [3] , based on methods in [4] , [5] , [12] etc.. As  FIGURE 3 shows, we can construct a local Morse function with just one singular point respecting the orderings on the graph as a 1-dimensional complex induced by the function om the graph so that inverse images of points which are not the vertex are desired connected orientable surfaces. The reason why we can construct the map as this is explained in the figrure in the lower part of FIGURE 3: we can attach 1-handles, 2-handles and additional 1-handles simultaneously and suitable handle attachments naturally give the desired Morse function. We divide the set of all edges including the vertex into two non-empty sets A 1 and A 2 . Let F i be a closed surface obtained as the disjoint union of all closed connected orientable surfaces whose genera are numbers assigned to edges in A i . For F 1 and F 2 , we construct a suitable local Morse function as STEP 1 and then by folding it suitably, we have a desired local map. More precisely, after the first construction, we embed the image so that the image is a parabola and that the singular value is the minimum and project the resulting map into the plane to the axis. See also FIGURE 4.
Case 2 The case where the vertex is of degree 1. First, we consider a local smooth map from a 3-dimensional manifold into the plane as presented in FIGURE 5. This indicates the image of a fold map. Thick lines intersecting at the center represent embedded curves consisting of values of singular points whose indices are 1. If we go in the direction of the arrows in the plane, the number of connected components of the inverse images of regular values increases. Such local maps are constructed by considering attachments of 1-dimensional families of 1-handles and locally constructing products of Morse functions. In cases where the numbers of the thick lines are 0 or 1 or so-called generic cases, see [10] for example. Then we consider the natural height function of the 2-dimensional closed disc in the plane so that at the origin, where the intersection of the thick lines is located, the values are maximal, or minimal, and we project the resulting map to the axis. By such a method, we can construct a local function around the vertex so that at each point in (the interior of) the only one edge including the vertex, the inverse image can be an arbitrary closed connected orientable surface whose genus is positive (we may consider cases where there are no thick lines and in such cases the genera are always 1). Last, to make the inverse image S 2 or a closed orientable surface of genus 0, it is sufficient to consider a local extrema of a Morse function.
Last, we construct functions around each connected component of the complement of the disjoint union of small regular neighborhoods of vertices. We can construct these functions as trivial smooth bundles. This gives a desired function. ⇒ ⇒ Figure 5 . A local fold map into the plane (note that the inverse images of the dotted circle is a closed orientable surface of genus k if the number of connected components of the inverse image of a regular value in the first one component in the right is k > 0).
